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EXTENDING VECTOR BUNDLES ON CURVES
SIDDHARTH MATHUR
Abstract. Given a curve in a (smooth) projective variety C ⊂ X , we show that a vector bundle
V on C can be extended to a (µ-stable) vector bundle on X if rank(V ) ≥ dim(X) and det(V )
extends to X .
1. Introduction
Understanding which vector bundles on a subvariety extend to an ambient variety is a well
studied problem in algebraic geometry. A famous example is the Grothendieck-Lefschetz the-
orems which considers the case of a complete intersection in a projective variety. A particu-
larly striking consequence of this work is that complete intersections X ⊂ Pn with dimension
dim(X) ≥ 3 always have a Picard group which is freely generated by OPn(1)|X . However, there
are many counterexamples to this statement when the hypothesis on the dimension is dropped:
indeed, all elliptic curves can be realized as ample divisors in P2 but they have a non-finitely
generated Picard group. The purpose of this paper is to show that this is the only obstruction
when the subvariety is a curve and the rank of the vector bundle is sufficiently large.
Theorem 1. Let (X,OX(1)) be a projective variety over an algebraically closed field k, C ⊂ X a
1-dimensional closed subvariety and V a vector bundle on C with rank(V ) ≥ dim(X). Then V
extends to X if and only if det(V ) extends to X . If X is assumed to be smooth and det(V ) extends to
X , then V may be extended to a µ-stable vector bundle.
The proof involves Bertini-type arguments and the theory of elementary transformations due
to Maruyama (see [3] for a gentle introduction to the technique).
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2. Some Lemmas
Lemma 2. Let Y be a 1-dimensional scheme which is finite-type and separated over k and suppose
Z ⊂ Y is a finite set containing the associated points of Y . Moreover, let V denote a nontrivial rank
r vector bundle on Y which is globally generated, then there exists a Cartier divisor i : D → Y which
doesn’t meet Z as well as an exact sequence
0→ V ∨ → O⊕rY → i∗OD → 0
Proof. By [5, Lemma 27] there is a Cartier divisor i : D ⊂ Y not meeting Z , a line bundle L on
D and an exact sequence
0→ O⊕rY → V → i∗L→ 0
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Since D is a finite scheme, L is trivial and so we have
0→ O⊕rY → V → i∗OD → 0
Now we apply the functor H om(—,OY ) to this sequence to obtain:
0→ V ∨ → O⊕rY → E xt
1(i∗OD,OY )→ 0
Indeed, the next term E xt1(V,OY ) in the long exact sequence vanishes since V is locally free.
To determine E xt1(i∗OD,OY ) one can apply the functor H om(—,OY ) to the ideal exact
sequence
0→ OY (−D)→ OY → i∗OD → 0
to see that
E xt1(i∗OD,OY ) ≃ coker(sD : OY → OY (D)) ≃ i∗OD ⊗ OY (D)
where sD is the section corresponding to D. Since D is a finite scheme this is just isomorphic
to i∗OD. 
Lemma 3. Let C ⊂ Y be the inclusion of a proper 1-dimensional closed subscheme in a quasiprojec-
tive scheme Y over k¯. Suppose that E is a rank r vector bundle on C whose determinant extends to
Y , then there is an ample line bundle L on Y with the following properties
(1) E ⊗ L|C is globally generated,
(2) det(E ⊗ L|C) is ample, and
(3) if det(E ⊗ L|C) = OC(D) for some effective Cartier divisor D ⊂ C not containing any
associated point of Y , then there is an ample Cartier divisor H ⊂ Y with H ∩ C = D
scheme-theoretically. If Y is smooth and projective we may also take H to be smooth away from
D.
Proof. The proof is the same as [5, Lemma 28] except we need to show that if Y is smooth and
projective, then we may take H to be smooth away from D. Follow the argument in [5] verbatim
except we choose an ample line bundle L on Y satisfying an additional property: the global
sections of L′ ⊗ L⊗r ⊗ ID should separate tangent vectors on Y \D (here ID denotes the ideal
sheaf of D in Y ). Then, to conclude, we may choose a section of
sH′ +H
0(Y, L′ ⊗ L⊗r ⊗ ID) ⊂ H
0(Y, L′ ⊗ L⊗r)
whose vanishing is smooth away from D by [4, Proposition 4.5.12] (applied to Y \D). 
Lemma 4. Let (X,OX(1)) denote a smooth projective variety over k and let H be an ample Cartier
divisor which is smooth away from a finite subscheme D ⊂ H . Fix integers r and ρ, then there exists
an N0 such that for all N ≥ N0 and any ψ ∈ Hom(O
⊕r
X ,OH(N)) there is a nonempty open
UN ⊂ A(ψ + Hom(O
⊕r
X ,OH(N))⊗ ID) ⊂ A(Hom(O
⊕r
X ,OH(N))
so all φ ∈ UN do not factor through a torsion free quotient F of O
⊕r
X with µ(F ) ≤ ρ and rk(F ) < r.
Proof. Consider the family F of all torsion free quotients of O⊕rX with µ(F ) ≤ ρ. By [2, Lemma
1.7.9], there is a finite type Quot-scheme Q of O⊕rX so that each F ∈ F appears as a fiber of the
universal quotient on Q:
O
⊕r
X×Q → Funiv
Let p2 : Q × X → X denote the projection and apply the functor (p1)∗(Hom( – , p
∗
2OH(N)))
for sufficiently large N > 0 to obtain an inclusion of vector bundles over Q
g : A((p1)∗Hom(Funiv, p
∗
2OH(N))) →֒ A(Hom(O
⊕r
X ,OH(N)))×k Q
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which at a point q ∈ Q is the inclusion of homomorphisms ψ : O⊕rX → OH(N) which factor
through (Funiv)q. Thus, to prove the lemma it suffices to show there is a N0 so that for every
N ≥ N0
dimA((p1)∗Hom(Funiv,OH(N))) < dim(A(Hom(O
⊕r
X ,OH(N))⊗ ID))
Indeed, in that case the morphism
π1 ◦ g : A((p1)∗Hom(Funiv,OH(N)))→ A(Hom(O
⊕r
X ,OH(N)))
cannot have an image containing a coset of A(Hom(O⊕rX ,OH(N))⊗ ID).
For all large N :
dimA((p1)∗Hom(Funiv,OH(N))) ≤ dim(Q) +maxq∈Q{χ((Funiv)
∨
q (N)|H)}
and for every q ∈ Q
χ(O⊕rX (N)|H) = χ((Funiv)q(N)|H) + pq(N)
for some nonconstant polynomial pq(t) since (Funiv)q(N) is a quotient with rank < r. Moreover,
since D is a finite subscheme, there is a fixed constant d > 0 with
χ(O⊕rX (N)|H ⊗ ID) + d = χ(O
⊕r
X (N)|H)
for all large N . Thus, since {pq(t)}q∈Q is a finite set of polynomials there is a N0 > 0 so that
dim(Q) +maxq∈Q{dim(χ((Funiv)q(N)|H)} < dim(Hom(O
⊕r
X ,OH(N))⊗ ID)
for all N ≥ N0, as desired. 
3. Proof of the main theorem
Proof of Theorem 1. Let OX(1) denote an ample line bundle onX . By replacing V with V (m) =
V ⊗ OX(1)
⊗m|C for m ≫ 0 we may suppose that the conclusion of Lemma 3 holds. Let L de-
note a fixed extension of det(V ). In particular, V is globally generated. Thus, by Lemma 2 there
exists a Cartier divisor i : D → C missing the associated points of X which may lie on C and
an exact sequence
0→ V ∨ → O⊕rC → i∗OD → 0
By adjunction, the surjection on the right, call it φ′D, is determined by the induced map of
sheaves on D:
φD : O
⊕r
C |D = O
⊕r
D → OD
To prove the theorem it suffices to show V ∨ extends to X . Observe that det(OD) = OC(D) =
L|C and that D ⊂ C is a Cartier divisor missing the associated points of X . Thus, we may
apply the full conclusion of Lemma 3. In particular, there is an effective ample Cartier divisor
H ⊂ X with H ∩ C = D scheme-theoretically. If X is smooth, we may take H to be smooth
away from D.
The idea will be to extend the elementary transformation of O⊕rC on C along D to an
elementary transformation of O⊕rX on X along H . To make this precise, first fix an isomorphism
g1 : OX(1)|D → OD and note that this induces isomorphisms gN : OX(N)|D ∼= OD for every
N > 0. Our goal is to find a surjective morphism ψ : O⊕rH → OX(N)|H for some N > 0 so that
the following diagram commutes:
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O
⊕r
H |D OX(N)|D 0
O
⊕r
D OD 0
id
ψ|D
gN
φD
Once we have found such a ψ, compose it with the natural adjunction morphism to obtain
ψ′ : O⊕rX → O
⊕r
H → OX(N)|H . Now consider the associated elementary transformation on X :
0→W → O⊕rX → OX(N)|H → 0
and observe that because H is a Cartier divisor, W must be locally free. Upon restriction to C
the isomorphism gN : OX(N)|D → OD induces a morphism of short exact sequences:
0 W |C O
⊕r
X |C OX(N)|D 0
0 V ∨ O⊕rC OD 0
∼= id
ψ′|C
gN
φ′
D
thereby producing an isomorphism W |C ≃ V
∨, as desired. Note that the isomorphisms gN :
OX(N)|D ≃ OD we have fixed determine isomorphisms
Hom(O⊕rH ,OX(N)|H)⊗ OD ≃ Hom(O
⊕r
D ,OD)
As such, the rest of the proof is devoted to finding a ψ which restricts to φD via an isomorphism
gN .
Next, take N to be large enough so that the short exact sequence on H
0→ Hom(O⊕rH ,OX(N)|H)⊗ ID → Hom(O
⊕r
H ,OX(N)|H)→ Hom(O
⊕r
D ,OD)→ 0
remains exact after taking global sections so that we may lift φD ∈ H
0(H,Hom(O⊕rD ,OD)) to a
section ψD ∈ H
0(H,Hom(O⊕rH ,OX(N)|H)). The issue is that ψD : O
⊕r
H → OX(N)|H may not be
surjective away fromD. We will rectify this by adding a factor from H0(H,Hom(O⊕rH ,OX(N)|H)⊗
ID) which doesn’t change the behavior of ψD along D.
After perhaps increasing N , fix a basis
ψ1, ..., ψn ∈ H
0(H,Hom(O⊕rH ,OX(N)|H)⊗ ID)
so that at any point p ∈ H\D, there is a collection of r sections among the ψ1, ..., ψn which form
a basis for the vector space Hom(O⊕rH ,OX(N)|H)⊗ k(p). Viewing the sections ψD, ψ1, ..., ψn in
H0(H,Hom(O⊕rH ,OX(N)|H)) we set A
n
k = Spec k[x1, ..., xn] and consider the universal section
ψuniv = ψD + Σ
n
i=1xiψi
of ψD+Hom(O
⊕r
H ,OX(N)|H)⊗ID pulled back toA
n
k×kH . Thus, by construction, the universal
section restricts to the section ψa = ψD + Σ
n
i=1aiψi over a = (a1, ..., an) ∈ A
n
k(k).
Over the complement U = H\D ⊂ H , consider the closed locus of non-surjective maps
Z = {(a, u)|ψa ⊗ k(u) is not surjective} ⊂ A
n
k × U
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For any u ∈ U the fiber Zu has codimension r since ψ1, ..., ψn generate Hom(O
⊕r
H ,OX(N)|H)
at all u ∈ U . Indeed, there is a surjective linear map
π : Ank(u) → Homk(u)(k(u)
r, k(u)) = Hom(O⊕rH ,OX(N)|H)⊗ k(u)
and only the zero map doesn’t have full rank. Therefore the fiber ker(π) = Zu has dimension
n− r so the dimension of Z (and the closure of its image p1(Z) in A
n
k ) is at most
n− r + dim(H) < n
because r = rank(V ) ≥ dim(X) > dim(H).
Thus, there is a point c = (c1, ..., cn) ∈ A
n
k(k) avoiding p1(Z), and we claim that the cor-
responding section of Hom(O⊕rH ,OX(N)|H) works as desired. Indeed, a point avoiding p1(Z)
corresponds to a section
ψc = ψD + Σ
n
i=1ciψi ∈ H
0(H,Hom(O⊕rH ,OX(N)|H))
which is a surjective linear map for every u ∈ U (since c is not in Z¯). Moreover, on D, we have
ψc|D = ψD|D = φD. Also, φD is surjective so Nakayama’s lemma implies ψc is surjective over
all of H . Thus, the kernel of ψ′c : O
⊕r
X → O
⊕r
H → OH(N) is a vector bundle W on X extending
V ∨.
If X is smooth, Lemma 4 says we may enlarge N further so that there is a c ∈ Ank\p1(Z)
so that the corresponding surjection ψc : O
⊕r
X → OH(N) has the additional property that it
doesn’t factor through a torsion free F with rk(F ) < r and µ(F ) ≤ r
r−1
deg(O(H)). That the
resulting kernel is µ-stable follows from the argument in [2, Proposition 5.2.5]. 
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